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Consider the control system the behavior of which is described by the differential equation
.’L’(t) = f(tx(t),u(t)), C17(750) € Xo (1)

where z € R™ is the phase state vector of the system, u € R™ is the control vector, t € [to, 0] is the time
and Xy C R” is a compact set.

By L, ([to,0],R™) (p > 1) we denote the space of measurable functions u(-) : [tg, 6] — R™ with finite
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Hu()||p norm where ||u()Hp = (f llu(t)||” dt) and ||-|| denotes the Euclidean norm.
to
For p € (1,00) and p > 0 we set
Uy = {u() € Ly(ft0, 6. B™) : [lu()]l, < 1o} @

where po defines the resource of the control effort.
Every function u(-) € U, is said to be an admissible control function. It is obvious that the set of all
admissible control functions U, is the closed ball centered at the origin with radius yo in L, ([to, 6]; R™).
It is assumed that the right hand side of the system (1) satisfies the following conditions:

1.A. The function f(-) : [to,0] x R" x R™ — R™ is continuous;

1.B. For any bounded set D C [tg, 6] x R™ there exist constants L; = Ly(D) > 0, Ly = Ly(D) > 0 and
Ly = L3(D) > 0 such that

1 (& @1, u1) = f(E w2, u2)[| < [Ly + Lo (ua ]| + lJuzl)] 21 — 22l + L [lus — uz|l
for any (t,x1) € D, (t,22) € D, u3 € R™ and uy € R™;
1.C. There exists a constant ¢ > 0 such that
1tz u)]l < e(L+ (lz[) (1 + [[ul])
for every (t,z,u) € [to,0] x R™ x R™.

Note that if the norm of the control effort is large then the conditions 1.B and 1.C permit the system
to assume high velocities.

Let the right hand side of the system (1) be affine, i.e. f(¢,2z,u) = ¢(t,z)+ B(t,z)u and the functions
o(+) : [to, 0] x R™ = R™, B(:) : [tg, 0] x R™ — R™ satisfy the following assumptions:

1.D. The functions f(t,z) and B(t,z) are continuous on (¢,z) and for any bounded set D C [to, 0] x R"
there exist Lipschitz constants k; = k;(D) € (0,00) (¢ = 1,2) such that

lo(t, x2) = @(t, 21)|| < kallze —zall, (|B(E 22) — B(t,21)|| < rellze — 24|
for any (t,x1) € D, (t,z2) € D.
1.E. There exist constants v; € (0,00) (i = 1,2) such that

e, 2)|| <+ [lz])), 1B 2)l] < va(1+ =)

for every (t,z) € [to, 0] X R™.



Then it is possible to verify that the function f(¢,z,u) = (¢, ) + B(t, z)u satisfy the conditions 1.A,
1.B and 1.C.

Let u.(-) € Up. The absolutely continuous function z.(-) : [to, 6] — R™ which satisfies the equation
Ty (t) = f(t, 2:(t),us(t)) a.e. in [tg, 0] and the initial condition x,(ty) = xo € Xj is said to be a solution
of the system (1) with initial condition z.(t9) = x¢, generated by the admissible control function wu.(-).
By the symbol z(-; ¢, 2o, u(-)) we denote the solution of the system (1) with initial condition x(ty) = zo,
which is generated by the admissible control function u(-). Note that the conditions 1.A - 1.C guarantee
the existence, uniqueness and extendability of the solutions up to the instant of time 6 for every given
u(-) € U, and zg € X.

Let us define the sets

Yp(th@) = {.’IJ (~;t0,$07u(~)) :xp € X, ’LL() S Up},

Xp(t3t0, Xo) = {x(t) € R : () € Yp(to, Xo)}

where t € [to, 0].

The set X, (t; to, Xo) is called the attainable set of the system (1) at the instant of time ¢. It is obvious
that the set X, (¢;to, Xo) consist of all z € R™ to which the system (1) can be steered at the instant of
time t € [to, 6].

In this presentation various topological properties of the attainable sets X, (¢;t9, Xo), t € [to, ], of
the control system (1) are investigated. An approximation method has been obtained for numerical
construction of the attainable sets.



