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LYAPUNOV EXPONENTS FOR CONTINUOUS

TRANSFORMATIONS AND DIMENSION THEORY

LUIS BARREIRA AND CÉSAR SILVA

Abstract. We generalize the concept of Lyapunov exponent to trans-
formations that are not necessarily differentiable. For fairly large classes
of repellers and of hyperbolic sets of differentiable maps, the new expo-
nents are shown to coincide with the classical ones. We also discuss the
relation of the new Lyapunov exponents with the dimension theory of
dynamical systems for invariant sets of continuous transformations.

1. Introduction

The notion of Lyapunov exponent has its origins in the pioneering work
of Lyapunov and can be introduced in the following manner. Given a dif-
ferentiable transformation f : M → M , for each x ∈ M and v ∈ TxM we
define the Lyapunov exponent of the pair (x, v) by

λ(x, v) = lim sup
n→+∞

1

n
log ‖dfn

x v‖.

These numbers provide precious information about the asymptotic behavior
of the differential of f along the orbit of x, and namely about the expansion
and contraction of lengths on the tangent space. Hence, there is a privileged
relation between the Lyapunov exponents and the study of hyperbolicity.
Furthermore, there is also a profound relation, although hardly obvious, be-
tween them and the stability theory of differential equations and dynamical
systems. In particular, the Lyapunov exponents—including the “abstract”
theory of regularity, which is not so well known, even though its origins go
back to Lyapunov and Perron—play a preeminent role in the stability theory
of nonautonomous ordinary differential equations and in the invariant man-
ifold theory of nonuniformly hyperbolic dynamical systems (see Section 2.2;
see also [2] for full details). On the other hand, without any change, the
fact that the derivative appears in the definition of the Lyapunov exponents
restricts their use to the study of differentiable transformations.

Our main objective is to discuss how the concept of Lyapunov exponent
can be effectively generalized—and applied—to a fairly general class of trans-
formations that are not differentiable (and not even necessarily piecewise-
differentiable in any reasonable sense). More precisely, we introduce new
Lyapunov exponents, for arbitrary transformations, and we consider the
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relation between them and the dimension theory of dynamical systems.
Namely, we establish an upper bound for the Hausdorff dimension of a
class of invariant measures supported on nonconformal invariant sets (for
maps that are not necessarily differentiable), in terms of the new Lyapunov
exponents.

Our approach in defining the new exponents is to imitate the derivative as
much as possible. An alternative approach could be to replace the derivative
cocycle by an appropriate cocycle and then to consider its associated Lya-
punov exponent. However, since the transformations that we consider need
not even be piecewise-differentiable it is unclear how this approach could be
effected.

Relevant departure points for our discussion were the works of Kifer [5]
and Barreira [1], where they considered continuous transformations and in-
troduced notions that motivated our own introduction of the new Lyapunov
exponents. Namely, Kifer introduced numbers that replace the maximal
and minimal values of a Lyapunov exponent. Independently, Barreira intro-
duced numbers that replace the same two values, in the case of repellers of
transformations that are not necessarily differentiable. He also used the new
exponents to obtain estimates for the Hausdorff dimension of the repellers.
Nevertheless, it should be pointed out that it was already clear at that time
that in order to obtain sharp dimension estimates it should be necessary
to introduce appropriate intermediate values of the Lyapunov exponents.
That is, the knowledge of all the values is crucial in the dimension theory
of nonconformal dynamics. We emphasize that in [5] and [1] the authors
consider no intermediate values, but only the maximal and minimal values,
contrarily to what is done here.

In the case of differentiable transformations, the new exponents can also
be used although one would of course prefer the classical ones. However,
since it may not be known a priori whether a given transformation is differ-
entiable, it is crucial to understand how the new Lyapunov exponents relate
to the classical ones. Accordingly, we show that for fairly large classes of
repellers and of hyperbolic sets the two exponents agree almost everywhere
with respect to any finite invariant measure, and thus the two notions can
be used indistinctly (almost everywhere). It turns out that the noninvertible
version of Oseledets’ multiplicative ergodic theorem is crucial for the proof.

The content of the paper is as follows. In Section 2 we recall some notions
from the classical theory of Lyapunov exponents, including Oseledets’ mul-
tiplicative ergodic theorem. In Section 3 we introduce the new exponents
and show that they agree almost everywhere with the classical ones for cer-
tain classes of transformations. Section 4 describes the relation of the new
Lyapunov exponents with the dimension theory of dynamical systems.

2. Lyapunov exponents: classical theory

2.1. Abstract theory and differentiable transformations. We begin
with the axiomatic definition of Lyapunov exponent. Let V be a linear
space. We say that a function χ : V → R∪{−∞} is a Lyapunov exponent if:

1. χ(αv) = χ(v) for each v ∈ V and α ∈ R \ {0};
2. χ(v + w) ≤ max{χ(v), χ(w)} for each v, w ∈ V ;
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3. χ(0) = −∞.

We now describe some of the basic properties of Lyapunov exponents (we
refer to [2] for full details). Each Lyapunov exponent χ takes at most a
number s ≤ dim V of distinct real values χ1 < · · · < χs (besides −∞). For
each i = 1, . . ., s we define

Vi = {v ∈ V : χ(v) ≤ χi}. (1)

One can show that each Vi is a linear subspace of V and that

{0} = V0 ⊂ V1 ⊂ · · · ⊂ Vs = V. (2)

A collection {Vi : i = 0, . . . , s} of linear subspaces of V satisfying (2) is
called a filtration of V . The filtration defined by the subspaces Vi in (1) is
called the filtration associated to the Lyapunov exponent χ. We also say
that the number

ki = dim Vi − dimVi−1

is the multiplicity of the value χi.
Let now f : M → M be a differentiable map on the manifold M . We

define the (forward) Lyapunov exponent λ+ : TM → R of f by

λ+(x, v) = lim sup
n→+∞

1

n
log ‖dfn

x v‖,

with the convention that log 0 = −∞. One can easily show that TxM ∋
v 7→ λ+(x, v) is indeed a Lyapunov exponent for each x ∈ M , in the sense of
the definition above. Therefore, for each x ∈ M the function λ+(x, ·) takes
at most a finite number of real values

λ+
1 (x) < · · · < λ+

s+(x)
(x),

for some positive integer s+(x) ≤ dimM . Furthermore, the filtration of
TxM associated to λ+(x, ·) verifies

{0} = V +
0 (x) ⊂ V +

1 (x) ⊂ · · · ⊂ V +
s+(x)

(x) = TxM,

where

V +
i (x) = {v ∈ TxM : λ+(x, v) ≤ λ+

i (x)}.
The number

k+
i (x) = dimV +

i (x) − dimV +
i−1(x)

is the multiplicity of the value λ+
i (x) for each i. We denote by

ρ+
1 (x) ≤ · · · ≤ ρ+

dim M (x)

the real values of the Lyapunov exponent λ+(x, ·) counted with their multi-
plicities, i.e., for each i we set

ρ+
dim V +

i−1
(x)+1

(x) = · · · = ρ+
dim V +

i (x)
(x) = λ+

i (x).

When the map f : M → M has a differentiable inverse one can also define
a Lyapunov exponent for negative time. Namely, the function λ− : TM → R

given by

λ−(x, v) = lim sup
n→−∞

1

|n| log ‖dfn
x v‖



4 LUIS BARREIRA AND CÉSAR SILVA

is called the (backward) Lyapunov exponent of f . Similarly, for each x ∈ M
the function TxM ∋ v 7→ λ−(x, v) is a Lyapunov exponent, and hence takes
at most a finite number of real values

λ−
1 (x) > · · · > λ−

s−(x)
(x)

for some positive integer s−(x) ≤ dimM . The filtration of TxM associated
to λ−(x, ·) verifies

TxM = V −
1 (x) ⊃ · · · ⊃ V −

s−(x)
(x) ⊃ V −

s−(x)+1
(x) = {0},

where
V −

i (x) = {v ∈ TxM : λ−(x, v) ≤ λ−
i (x)}.

We define the multiplicity of the value λ−
i (x) by

k−
i (x) = dimV −

i (x) − dimV −
i+1(x)

for each i, and denote by

ρ−1 (x) ≥ · · · ≥ ρ−dim M (x)

the values of the Lyapunov exponent λ−(x, ·) counted with their multiplici-
ties.

2.2. Regularity and the Multiplicative ergodic theorem. Using the
above structure we can now introduce the fundamental concept of regularity.
Let f : M → M be a differentiable map with differentiable inverse. A point
x ∈ M is called Lyapunov regular (or simply regular) with respect to f if
the following holds:

1. s+(x) = s−(x) =: s(x);
2. there exists a decomposition

TxM =

s(x)⊕

i=1

Hi(x),

such that for each i = 1, . . ., s(x) we have

V +
i (x) =

i⊕

j=1

Hj(x) and V −
i (x) =

s(x)⊕

j=i

Hj(x);

3. if v ∈ Hi(x) \ {0} then

lim
n→±∞

1

|n| log ‖dfn
x v‖ = λ+

i (x) = −λ−
i (x) =: λi(x),

with uniform convergence on {v ∈ Hi(x) : ‖v‖ = 1};
4.

lim
n→±∞

1

n
log|det dfn

x | =

s(x)∑

i=1

λi(x) dim Hi(x).

The notion of regular point is fundamental in the stability theory of linear
and nonlinear nonautonomous ordinary differential equations and in the the-
ory of nonuniformly hyperbolic dynamical systems. Namely, the exponen-
tial stability of a linear autonomous ordinary differential equation y′ = Ay
is immediate when all the values of the (forward) Lyapunov exponent are
negative, and the same happens under sufficiently small perturbations, i.e.,
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for y′ = Ay +f(t, y), with f(t, 0) = 0 (and thus keeping zero as a solution of
the perturbed equation; one can certainly consider more general situations).
On the other hand, an arbitrarily small perturbation

y′ = A(t)y + f(t, y),

with f(t, 0) = 0, of a linear nonautonomous ordinary differential equation
y′ = A(t)y with all values of the Lyapunov exponent negative may have
unstable solutions starting arbitrarily near zero. It turns out that in the
presence of regularity (in the sense that there exist regular points) the zero
solution of a sufficiently small perturbation of a linear nonautonomous ordi-
nary differential equation with all values of the Lyapunov exponent negative
is stable (and in fact asymptotically stable). A similar behavior occurs in
the theory of nonuniformly hyperbolic dynamical systems. As such, regular-
ity plays a fundamental role in the stability theory of differential equations
and dynamical systems. See [2] for related discussions.

The notion of regular point demands considerably from the structure
provided by the Lyapunov exponents λ+ and λ−. Therefore, it is crucial to
discuss conditions under which there exist regular points. The Multiplica-
tive ergodic theorem of Oseledets [7] provides a surprisingly strong positive
answer from the point of view of ergodic theory. We denote by L1(M, µ) the
set of µ-integrable functions on M . We also write log+ a = max{log a, 0}
for each a ≥ 0.

Theorem 1 (Multiplicative ergodic theorem). If f : M → M is a differen-
tiable map with differentiable inverse and µ is a finite f-invariant measure
on M such that log+ ‖df‖, log+ ‖df−1‖ ∈ L1(M, µ), then µ-almost every
x ∈ M is regular.

Theorem 1 says that from the point of view of ergodic theory regularity
is a typical property. In particular, if f : M → M is a C1 diffeomorphism
of a compact manifold, then the set of regular points has full measure with
respect to any finite f -invariant measure on M .

When f is not necessarily invertible we still have the following result.

Theorem 2. If f : M → M is a differentiable map and µ is a finite f-
invariant measure on M such that log+ ‖df‖ ∈ L1(M, µ), then for µ-almost
every x ∈ M the following properties hold:

1. for i = 1, . . ., s+(x) and v ∈ V +
i (x) \ V +

i−1(x) we have

lim
n→+∞

1

n
log ‖dfn

x v‖ = λ+
i (x), (3)

with uniform convergence in v on each subspace F ⊂ V +
i (x) such that

F ∩ V +
i−1(x) = {0};

2.

lim
n→+∞

1

n
log|det dfn

x | =

s+(x)∑

i=1

k+
i (x)λ+

i (x). (4)

In particular, the uniform convergence in Theorem 2 is essential in Sec-
tion 3. The statement in Theorem 2 is due to Oseledets, even though, strictly
speaking, he only discussed the property of uniform convergence in the in-
vertible case (that in our setup corresponds to the situation in Theorem 1).
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Furthermore, to our best knowledge, the property of uniform convergence
was only formulated explicitly in the appendix to [4]. Nevertheless, the
statement can indeed be recovered by essentially following arguments of
Oseledets. For completeness—and since the uniformity is essential in Sec-
tion 3—we give a simple proof of this property. For a proof of the remaining
statements in Theorem 2 see for example [2].

Proof of the uniform convergence in Theorem 2. Let X be the full measure
set composed of the points x ∈ M for which there exist the limits in (3)
and (4), without assuming the uniform convergence in (3). Let x ∈ X. We
need to show that

lim
n→+∞

1

n
log inf

v∈C
‖dfn

x v‖ = lim
n→+∞

1

n
log sup

v∈C
‖dfn

x v‖ = λ+
i (x),

where C = {v ∈ F : ‖v‖ = 1}.
Consider an orthonormal basis e1, . . ., em of F , and for each n ∈ N let

un =
m∑

j=1

cn,jej ∈ C

be a vector at which v 7→ ‖dfn
x v‖ attains its minimum. We choose an integer

j(n) ∈ {1, . . . , m} such that |cn,j(n)| = maxj |cn,j |. Since
∑m

j=1 cn,j
2 = 1, we

have
|cn,j(n)| ≥ 1/

√
m.

We denote by ρn,j and ϕn,j respectively the distance and the angle between
dfn

x ej and dfn
x span{ei : i 6= j}. Note that ρn,j = ‖dfn

x ej‖ sinϕn,j . We have

dfn
x un = cn,j(n)


dfn

x ej(n) +
∑

j 6=j(n)

cn,j

cn,j(n)
dfn

x ej


 ,

and hence

‖dfn
x un‖ ≥ |cn,j(n)|ρn,j(n) ≥

1√
m
‖dfn

x ej(n)‖ sinϕn,j(n).

Using the existence of the limits in (3) and (4) it can be shown that

lim
n→+∞

1

n
log|sinϕn,j | = 0

(and this does not require the uniform convergence in (3); see Theorem 1.5.1
in [2]). Since j(n) can only take a finite number of values, we obtain

lim inf
n→+∞

1

n
log‖dfn

x un‖

≥ lim inf
n→+∞

1

n
log‖dfn

x ej(n)‖ + lim inf
n→+∞

1

n
log|sinϕn,j(n)|

≥ min
j

lim inf
n→+∞

1

n
log‖dfn

x ej‖ + min
j

lim inf
n→+∞

1

n
log|sinϕn,j | = λ+

i (x),

(5)

where the minima are taken over all j ∈ {1, . . . , m}.
For each n ∈ N, choose now a vector

vn =
m∑

j=1

dn,jej ∈ C
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at which v 7→ ‖dfn
x v‖ attains its maximum. We have

‖dfn
x vn‖ ≤

m∑

j=1

|dn,j | · ‖dfn
x ej‖ ≤

m∑

j=1

‖dfn
x ej‖,

and hence

lim sup
n→+∞

1

n
log‖dfn

x vn‖ ≤ λ+
i (x). (6)

The uniform convergence is the combination of (5) and (6). �

3. Lyapunov exponents for continuous transformations

We introduce in this section a version of Lyapunov exponents for maps
that are not necessarily differentiable. Following the abstract theory briefly
presented in Section 2.1 it is reasonable to consider as many values of the
exponent (counted with their multiplicities) as the dimension of the whole
space. The basic idea behind the definition is to imitate the derivative as
much as possible.

3.1. The new Lyapunov exponents. Let f : R
m → R

m be a transforma-
tion on R

m. We emphasize that f is not necessarily differentiable.
Let d be the metric on R

m. For each x ∈ R
m and k ∈ {1, . . . , m} we

define the number

Λ+
k (x) = inf

L∈Lx,k

lim
δ→0

lim sup
n→+∞

1

n
log sup

y∈Cx(δ,n)∩L

d(fnx, fny)

d(x, y)
, (7)

where Lx,k denotes the family of sets of the form x + F for some subspace
F ⊂ R

m of dimension k, and

Cx(δ, n) = {y ∈ Bx(δ, n) \ {x} : [f jx, f jy] ⊂ f jBx(δ, n) for j ∈ {0, . . . , n}};
here

Bx(δ, n) = {y ∈ R
m : d(f jx, f jy) < δ for j ∈ {0, . . . , n}}, (8)

and [v, w] ⊂ R
m denotes the line segment between the points v and w. We

refer to the numbers

Λ+
1 (x) ≤ Λ+

2 (x) ≤ · · · ≤ Λ+
m(x)

as the Lyapunov exponents of f at the point x (note that there is no danger
of confusion with the classical Lyapunov exponents). These numbers play
the role of the Lyapunov exponents in the case of maps that are not differ-
entiable. We observe that the value of each Λ+

k (x) does not change when we
replace d by an equivalent metric in (7) and (8).

It would also be interesting to define an appropriate Lyapunov exponent
(in the sense of the abstract theory in Section 2.1) for which the numbers
that we introduce would be the values of that Lyapunov exponent (again
in the sense of Section 2.1). However, this approach seems to be of rather
formal nature in our context. Nevertheless, it has been applied with success
in other contexts, such as in the study of a pendulum with dry friction in [6]
(in this case the system is piecewise-differentiable, and thus the situation is
unrelated to ours).
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3.2. Relation with the classical Lyapunov exponents. We now con-
sider a differentiable transformation f : R

m → R
m. For each x ∈ R

m and
k ∈ {1, . . . , m} we define the number

c+
k (x) = inf

dim F=k
lim sup
n→+∞

1

n
log sup

v∈F\{0}

‖dfn
x v‖

‖v‖ ,

where the infimum is taken over all subspaces F ⊂ R
m of dimension k.

Clearly

c+
1 (x) ≤ c+

2 (x) ≤ · · · ≤ c+
m(x).

We now relate these numbers with the values ρ+
k (x) of the classical (forward)

Lyapunov exponent at x, i.e., the values of the Lyapunov exponent λ+(x, ·)
counted with their multiplicities (see Section 2.1).

Theorem 3. Let f : R
m → R

m be a differentiable map and µ a finite f-
invariant measure on R

m such that log+ ‖df‖ ∈ L1(Rm, µ). Then, for µ-
almost every x ∈ R

m and each k = 1, . . ., m we have

ρ+
k (x) = c+

k (x) = lim
n→+∞

1

n
log sup

v∈G\{0}

‖dfn
x v‖

‖v‖ = λ+
i (x),

where G is any subspace of dimension k > dim V +
i−1(x) such that G ⊂ V +

i (x)
for some i.

Proof. By Theorem 2, for µ-almost every x ∈ R
m and each i = 1, . . . , s+(x),

we have

lim
n→+∞

1

n
log

‖dfn
x v‖

‖v‖ = λ+
i (x)

whenever v ∈ V +
i (x) \ V +

i−1(x), with uniform convergence on each subspace

F ⊂ V +
i (x) such that F ∩ V +

i−1(x) = {0}. Let x ∈ R
m be one of these

points. Given i ∈ {1, . . . , s+(x)}, let G ⊂ V +
i (x) be a subspace of dimension

k > dimV +
i−1(x). We first show that

lim
n→+∞

1

n
log sup

v∈G\{0}

‖dfn
x v‖

‖v‖ = λ+
i (x) = ρ+

k (x). (9)

This is clear when i = 1 (simply take F = G in Theorem 2). We proceed by
induction on i. We first observe that

lim
n→+∞

1

n
log sup

v∈G\{0}

‖dfn
x v‖

‖v‖ ≥ lim
n→+∞

1

n
log

‖dfn
x w‖

‖w‖ = λ+
i (x) = ρ+

k (x)

whenever w ∈ G \ V +
i−1(x).

We now establish the reverse inequality. Let vn ∈ G be a vector with
‖vn‖ = 1 at which the supremum in (9) is attained. We write vn = an + bn,
where an ∈ V +

i (x) ∩ (V +
i−1(x))⊥ and bn ∈ V +

i−1(x). Clearly ‖an‖ ≤ 1 and
‖bn‖ ≤ 1, and thus

‖dfn
x vn‖ ≤ ‖dfn

x an‖ + ‖dfn
x bn‖

≤ sup
v∈V +

i (x)∩(V +

i−1
(x))⊥\{0}

‖dfn
x v‖

‖v‖ + sup
v∈V +

i−1
(x)\{0}

‖dfn
x v‖

‖v‖ .
(10)



LYAPUNOV EXPONENTS FOR CONTINUOUS TRANSFORMATIONS 9

By the induction hypothesis,

lim
n→+∞

1

n
log sup

v∈V +

i−1
(x)\{0}

‖dfn
x v‖

‖v‖ = λ+
i−1(x) < λ+

i (x).

On the other hand, taking F = V +
i (x)∩ (V +

i−1(x))⊥ in Theorem 2 we obtain

lim
n→+∞

1

n
log sup

v∈V +

i (x)∩(V +

i−1
(x))⊥\{0}

‖dfn
x v‖

‖v‖ = λ+
i (x) = ρ+

k (x).

It now follows from (10) that

lim
n→+∞

1

n
log sup

v∈G\{0}

‖dfn
x v‖

‖v‖ ≤ λ+
i (x) = ρ+

k (x).

This establishes the identities in (9).
For every subspace G ⊂ V +

i (x) of dimension k > dimV +
i−1(x), it follows

from (9) that

c+
k (x) ≤ lim

n→+∞

1

n
log sup

v∈G\{0}

‖dfn
x v‖

‖v‖ = ρ+
k (x).

On the other hand, for each subspace F of dimension k > dimV +
i−1(x) there

exists vF ∈ F \ V +
i−1(x) such that

lim
n→+∞

1

n
log

‖dfn
x vF ‖

‖vF ‖
≥ λ+

i (x) = ρ+
k (x),

and thus

c+
k (x) ≥ inf

dim F=k
lim

n→+∞

1

n
log

‖dfn
x vF ‖

‖vF ‖
≥ λ+

i (x) = ρ+
k (x).

This establishes the desired result. �

We now start discussing the relation between the new exponents Λ+
k (x)

and the classical Lyapunov exponents.

Proposition 4. If f : R
m → R

m is a differentiable map then Λ+
k (x) ≥ c+

k (x)
for each x ∈ R

m and k = 1, . . ., m.

Proof. Let L = x + F ∈ Lx,k. For each n ∈ N we choose vn,F ∈ F (possibly
depending on x) with ‖vn,F ‖ = 1 such that

sup
v∈F\{0}

‖dfn
x v‖

‖v‖ = ‖dfn
x vn,F ‖.

The differentiability of f ensures that

lim
ε→0

d(fnx, fn(x + εvn,F ))

d(x, x + εvn,F )
= ‖dfn

x vn,F ‖.

On the other hand, for each sufficiently small ε > 0 we have x + εvn,F ∈
Cx(δ, n), and thus

sup
y∈Cx(δ,n)∩L

d(fnx, fny)

d(x, y)
≥ d(fnx, fn(x + εvn,F ))

d(x, x + εvn,F )
.
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Letting ε → 0 yields

sup
y∈Cx(δ,n)∩L

d(fnx, fny)

d(x, y)
≥ ‖dfn

x vn,F ‖,

and hence

Λ+
k (x) ≥ inf

dim F=k
lim sup
n→+∞

1

n
log ‖dfn

x vn,F ‖ = c+
k (x).

This completes the proof. �

Before proceeding we recall the notion of repeller. Let f : R
m → R

m be
a differentiable map and J ⊂ R

m a compact f -invariant set (i.e., such that
f−1J = J). We say that f is expanding on J and that J is a repeller of f
if there exist constants c > 0 and a > 1 such that

‖dfn
x v‖ ≥ can‖v‖

for each x ∈ J , v ∈ R
m and n ∈ N. Note that in this case f is a diffeomor-

phism on some neighborhood of each element of J .
Let now α ∈ (0, 1]. We say that a differentiable map f : R

m → R
m has

α-bunched derivative on the set J if dfx is invertible and

‖(dfx)−1‖1+α‖dfx‖ < 1

for every x ∈ J . This property was introduced in [1]. The simplest nontrivial
examples of expanding maps with bunched derivative are the following.

Example 1. Consider the map f : R
2 → R

2 given by fx = Ax, where

A =

(
p 0
0 q

)

for some p, q ∈ Z such that |p| > |q| > 1. One can easily choose p and q so
that f has α-bunched derivative on R

2. In fact,

‖(dfx)−1‖1+α‖dfx‖ = |q|−(1+α)|p|,
and thus, when |p| < |q|1+α the map f has α-bunched derivative.

We can also consider similar examples in R
m. Consider the map f : R

m →
R

m defined by fx = Ax, for some invertible matrix A with distinct eigen-
values, all of which with absolute value bigger than one. We have

‖(dfx)−1‖1+α‖dfx‖ = (min
i

|λi|)−1−α max
i

|λi|,

and choosing the numbers λi in such a way that maxi |λi| < (mini |λi|)−1−α,
the map f has α-bunched derivative on R

m.

We note that any sufficiently small C1 perturbation of a C1 map with
α-bunched derivative still possesses this property (with the same α).

We now continue the study of the relation between the new Lyapunov
exponents and the classical ones. We want to show that the two notions
agree in the case of repellers with bunched derivative. The following is the
main step in our approach.

Theorem 5. Let f : R
m → R

m be a C1+α transformation with an f-
invariant compact repeller J on which f has α-bunched derivative. Then
Λ+

k (x) = c+
k (x) for each x ∈ J and k = 1, . . ., m.
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Proof. By Proposition 4 it remains to show that Λ+
k (x) ≤ c+

k (x) for each
x ∈ J . Choose δ = δ(x) > 0 such that f is a diffeomorphism on the ball
Bx(δ) of radius δ centered at x. For each n ∈ N we have Bx(δ, n) ⊂ Bx(δ)
and hence f is also a local diffeomorphism on Bx(δ, n).

Consider y ∈ Cx(δ, n + 1) and j ∈ {0, . . . , n}. We have

df j+1
y (df j+1

x )−1

= df j
fydfy(dfx)−1(df j

fx)−1

= df j
fy(df

j
fx)−1 + df j

fydfy(dfx)−1(df j
fx)−1

− df j
fy(df

j
fx)−1

= df j
fy(df

j
fx)−1 + df j

fydfy(dfx)−1(df j
fy)

−1df j
fy(df

j
fx)−1

− df j
fy(df

j
fy)

−1df j
fy(df

j
fx)−1

=
[
I + df j

fydfy(dfx)−1(df j
fy)

−1 − df j
fy(df

j
fy)

−1
]
df j

fy(df
j
fx)−1

=
[
I + df j

fy(dfy(df
−1
x ) − I)(df j

fy)
−1

]
df j

fy(df
j
fx)−1.

Therefore,

‖df j+1
y (df j+1

x )−1‖
‖df j

fy(df
j
fx)−1‖

≤ 1 + ‖df j
fy‖ · ‖(dfy(dfx)−1 − I)(df j

fy)
−1‖

≤ 1 + C1‖df j
fy‖ · ‖dfy − dfx‖ · ‖(df j

fy)
−1‖

≤ 1 + C1C2‖df j
fy‖ · ‖y − x‖α‖(df j

fy)
−1‖,

(11)

where

C1 = max{‖(dfv)
−1‖ : v ∈ J},

and C2 > 0 is chosen in such a way that

‖dfv − dfw‖ ≤ C2‖v − w‖α

for every v, w ∈ R
m (recall that f is of class C1+α).

We now estimate each of the terms in the right-hand side of (11), starting
with ‖y − x‖α. Let hj be the local inverse of f j on Bfjx(δ). We have

‖y − x‖ = ‖hj(f
jy) − hj(f

jx)‖ ≤ ‖d(hj)z‖ · ‖f jy − f jx‖, (12)

where z is some point in the line segment between f jy and f jx, and thus
also in f jBx(δ, n + 1), by the definition of Cx(δ, n + 1). Therefore

f ℓhjz ∈ f ℓBx(δ, n + 1) ⊂ Bfℓx(δ) (13)

for ℓ = 0, . . ., j.
Since the derivative of f is α-bunched on J and J is compact, we can

choose λ < 1 sufficiently large and δ sufficiently small so that

‖(dfz)
−1‖1+α‖dfz‖ < λ

for every z in the δ-neighborhood Jδ of J . Let now β > 0 be such that
eαβλ < 1. Eventually making again δ sufficiently small, we can assume that
if v, w ∈ Jδ and d(v, w) < 2δ, then

∣∣log ‖(dfv)
−1‖ − log ‖(dfw)−1‖

∣∣ ≤ β
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(note that J is compact and v 7→ log ‖(dfv)
−1‖ is continuous). It follows

from (13) that

‖(dffℓhjz)
−1‖ ≤ eβ‖(dffℓy)

−1‖ (14)

for ℓ = 0, . . ., n.

We now return to (12). Since d(hj)z = (df j
hjz)

−1, it follows from (14) that

‖d(hj)z‖ = ‖(df j
hjz)

−1‖ ≤
j−1∏

ℓ=0

‖(dffℓhjz)
−1‖ ≤ C3e

βj
j∏

ℓ=1

‖(dffℓy)
−1‖,

where

C3 = sup
w

‖(dfw)−1‖/ inf
w
‖(dfw)−1‖

with the supremum and infimum taken over all w ∈ Jδ. It follows from (12)
that

‖y − x‖α ≤ δα‖d(hj)z‖α ≤ C3
αδαeαβj

j∏

ℓ=1

‖(dffℓy)
−1‖α. (15)

The remaining terms in the right-hand side of (11) are estimated by

‖df j
fy‖‖(df

j
fy)

−1‖ ≤
j∏

ℓ=1

(‖dffℓy‖ · ‖(dffℓy)
−1‖). (16)

We conclude from (15) and (16) that

‖y − x‖α‖(df j
fy)

−1‖‖df j
fy‖ ≤ C3

αδαeαβj
j∏

ℓ=1

(
‖(dffℓy)

−1‖1+α‖dffℓy‖
)
.

Therefore

‖y − x‖α‖(df j
fy)

−1‖‖df j
fy‖ ≤ C3

αδα(eαβλ)j .

It follows from (11) that for each x ∈ J , n ∈ N, y ∈ Cx(δ, n + 1), and
j ∈ {0, . . . , n} we have

‖df j+1
y (df j+1

x )−1‖ ≤ ‖df j
fy(df

j
fx)−1‖(1 + Cγj),

where C = C1C2C3
αδα. We conclude that

‖dfn+1
y (dfn+1

x )−1‖ ≤
n∏

j=1

(1 + Cγj) <
∞∏

j=1

(1 + Cγj) = τ.

Consider now a subspace F of R
m. For each linear map A : R

m → R
m we

write

‖A‖F = sup
v∈F\{0}

‖Av‖
‖v‖ .

Note that given another linear transformation B : R
m → R

m we have

‖BA‖F = sup
v∈F\{0}

‖BAv‖
‖v‖ ≤ ‖B‖ · ‖A‖F .

Setting A = dfn
x and B = dfn

y (dfn
x )−1 we conclude that

‖dfn
y ‖F

‖dfn
x ‖F

≤ ‖dfn
y (dfn

x )−1‖ ≤ τ
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whenever x ∈ J , n ∈ N, and y ∈ Cx(δ, n). Assume now that w = y − x ∈ F .
Then

d(fnx, fny) ≤
∫ 1

0
‖dfn

x+tw‖F dt

≤ sup
z∈Cx(δ,n)∩(x+F )

‖dfn
z ‖F d(x, y) ≤ τ‖dfn

x ‖F d(x, y).

It follows that

lim sup
n→+∞

1

n
log sup

y∈Cx(δ,n)∩(x+F )

d(fnx, fny)

d(x, y)
≤ lim sup

n→+∞

1

n
log ‖dfn

x ‖F ,

and hence

Λ+
k (x) ≤ inf

dim F=k
lim sup
n→+∞

1

n
log ‖dfn

x ‖F = c+
k (x).

This completes the proof. �

The following is now immediate.

Corollary 6. Let f : R
m → R

m be a C1+α transformation with an f-
invariant compact repeller J on which f has α-bunched derivative, and let
µ be a finite f-invariant measure on J . Then

Λ+
k (x) = c+

k (x) = ρ+
k (x)

for µ-almost every x ∈ J and each k = 1, . . ., m.

Proof. The result follows immediately from Theorems 3 and 5. �

A version of Theorem 5 was given by Kifer in [5] in the case of the maximal
and minimal values introduced in that paper (and thus not including any
of the intermediate values introduced here). We note that Kifer considers
arbitrary differentiable flows (and semiflows).

3.3. Invertible transformations. We now assume that f : R
m → R

m is
invertible. In a similar manner to that in Section 3.1, for each x ∈ R

m and
k ∈ {1, . . . , m} we define the number

Λ−
k (x) = inf

L∈Lx,m−k+1

lim
δ→0

lim sup
n→−∞

1

|n| log sup
y∈Cx(δ,n)∩L

d(fnx, fny)

d(x, y)
,

where

Cx(δ, n) = {y ∈ Bx(δ, n) \ {x} : [f jx, f jy] ⊂ f jBx(δ, n) for j ∈ {n, . . . , 0}}
and

Bx(δ, n) = {y ∈ R
m : d(f jx, f jy) < δ for each j ∈ {n, . . . , 0}}.

We refer to the numbers Λ−
k (x) as the (backward) Lyapunov exponents

of f at the point x. For each x ∈ R
m and k ∈ {1, . . . , m} we define the

number

c−k (x) = inf
dim F=m−k+1

lim sup
n→−∞

1

|n| log sup
v∈F\{0}

‖dfn
x v‖

‖v‖ .

Clearly

Λ−
1 (x) ≥ Λ−

2 (x) ≥ · · · ≥ Λ−
m(x) and c−1 (x) ≥ c−2 (x) ≥ · · · ≥ c−m(x).
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We can also obtain similar results to those above in the case of negative
time. More precisely, altering the proofs in a straightforward manner, we
obtain the following.

Theorem 7. Let f : R
m → R

m be a map with differentiable inverse and µ a
finite f-invariant measure on R

m such that log+ ‖df−1‖ ∈ L1(Rm, µ). Then,
for µ-almost every x ∈ R

m and each k = 1, . . ., m we have

ρ−k (x) = c−k (x) = lim sup
n→−∞

1

|n| log sup
v∈G\{0}

‖dfn
x v‖

‖v‖ = λ−
i (x),

where G is any subspace of dimension k > dim V −
i (x) such that G ⊂ V −

i+1(x)
for some i.

Proposition 8. If f : R
m → R

m is a differentiable map with differentiable
inverse then

Λ+
k (x) ≥ c+

k (x) and Λ−
k (x) ≥ c−k (x)

for each x ∈ R
m and k = 1, . . ., m.

We can also change the proof of Theorem 5 and establish an appropriate
version in the case of hyperbolic sets. Let f : R

m → R
m be a diffeomorphism.

We recall that a compact f -invariant set Λ ⊂ R
m is a hyperbolic set for f if

there exist a splitting R
m = Es(x)⊕Eu(x) varying continuously with x ∈ Λ,

and constants c > 0 and λ ∈ (0, 1) such that for each x ∈ Λ:

1. dfx(Eu
x) = Eu

fx and dfx(Es
x) = Es

fx;

2. ‖dfn
x v‖ ≤ cλn‖v‖ whenever v ∈ Es

x and n ∈ N;
3. ‖df−n

x v‖ ≤ cλn‖v‖ whenever v ∈ Eu
x and n ∈ N.

We write for simplicity As(x) = dfx|Es(x) and Au(x) = dfx|Eu(x).

Theorem 9. Let f : R
m → R

m be a C1+α diffeomorphism with an f-
invariant compact hyperbolic set Λ such that

‖As(x)‖1+α‖(As(x))−1‖ < 1 and ‖(Au(x))−1‖1+α‖Au(x)‖ < 1 (17)

for every x ∈ Λ. Then

Λ+
k (x) = c+

k (x) = −Λ−
k (x) = −c−k (x)

for each x ∈ Λ and k = 1, . . ., m.

Proof. Since the distributions Es and Eu are df -invariant, using (17) one
can reproduce arguments in the proof of Theorem 5 to conclude that there
exists τ > 0 such that for each x ∈ Λ and y ∈ Cx(δ, n) we have

‖dfn
y |Es(x)‖ ≤ τ‖dfn

x |Es(x)‖ (18)

whenever n < 0, and

‖dfn
y |Eu(x)‖ ≤ τ‖dfn

x |Eu(x)‖ (19)

whenever n > 0.
Observe now that for each k the numbers c+

k (x) and c−k (x) are nonzero and

c+
k (x) = −c−k (x) =: ck(x). This is a consequence of the uniform estimates in

the definition of a hyperbolic set. Furthermore, again since the distributions
Es and Eu are df -invariant, one can easily show that each ck(x) can be
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computed by solely considering subspaces F inside Es(x) or Eu(x). More
precisely, if ck(x) < 0 then

ck(x) = inf
F

lim sup
n→+∞

1

n
log sup

v∈F\{0}

‖dfn
x v‖

‖v‖

= − inf
G

lim sup
n→−∞

1

|n| log sup
v∈G\{0}

‖dfn
x v‖

‖v‖ ,

where the infimum is taken over all subspaces F , G ⊂ Es(x) respectively of
dimensions k and dimEs(x) − k + 1. Similarly, if ck(x) > 0 then

ck(x) = inf
F

lim sup
n→+∞

1

n
log sup

v∈F\{0}

‖dfn
x v‖

‖v‖

= − inf
G

lim sup
n→−∞

1

|n| log sup
v∈G\{0}

‖dfn
x v‖

‖v‖ ,

where the infimum is taken over all subspaces F , G ⊂ Es(x) respectively
of dimensions k − dimEs(x) and m − k + 1. Using these formulas together
with the inequalities in (18) and (19) one can reproduce arguments in the
proof of Theorem 5 to show that

Λ+
k (x) ≤ c+

k (x) and Λ−
k (x) ≤ c−k (x).

The desired result follows now immediately from Proposition 8. �

The following is now an immediate consequence.

Corollary 10. Let f : R
m → R

m be a C1+α diffeomorphism with an f-
invariant compact hyperbolic set Λ satisfying (17) for every x ∈ Λ, and µ a
finite f-invariant measure on Λ. Then

Λ+
k (x) = ρ+

k (x) = c+
k (x) = −Λ−

k (x) = −ρ−k (x) = −c−k (x)

for µ-almost every x ∈ Λ and each k = 1, . . ., m.

We note that the new notion of Lyapunov exponent can easily be ex-
tended to flows (and semiflows), and analogous proofs allow us to obtain
corresponding versions of the previous results. Following our approach, we
can also consider Lyapunov exponents for maps defined in smooth manifolds
with the help of the exponential map.

4. Relation with dimension theory

We illustrate here how the Lyapunov exponents introduced in Section 3
are related with dimension theory. Instead of describing more general situa-
tions we consider on purpose a particular class of transformations for which
our results are still nontrivial. More precisely, we consider invariant sets of
a class of “expanding” transformations that need not be differentiable.

4.1. Basic notions. We denote by dimH F the Hausdorff dimension of a
set F ⊂ R

m. Given a finite measure µ on R
m we define the Hausdorff

dimension of µ by

dimH µ = inf{dimH Z : µ(Rm \ Z) = 0}.
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We also need the alternative approach of Douady and Oesterlé in [3] to the
Hausdorff dimension. Given an ellipsoid E ⊂ R

m with semiaxes am(E) ≥
· · · ≥ a1(E), for each t ∈ [0, m] we consider the number

wt(E) = am(E) · · · am−⌊t⌋+1(E)(am−⌊t⌋(E))t−⌊t⌋.

For each set A ⊂ R
m let

µ(A, t) = lim
ε→0

inf
U

∑

E∈U

wt(E),

where the infimum is taken over all finite or countable covers of A by ellip-
soids E such that wd(E)1/t ≤ ε. The following result in [3, Proposition 1]
provides an alternative definition for the Hausdorff dimension.

Proposition 11. dimH A = inf{t : µ(A, t) = 0} = sup{t : µ(A, t) = +∞}.
We now briefly recall the nonadditive version of the topological pressure

introduced in [1]. Let f : X → X be a continuous map of a compact metric
space, and U a finite open cover of X. Given U = (U1, . . . , Un) ∈ U

n we
define the open set

X(U) =
n⋂

k=1

f−k+1Uk.

Consider a sequence Φ = (ϕn)n∈N of functions ϕn : X → R. For each n ∈ N

we define

γn(Φ, U) = sup{|ϕn(x) − ϕn(y)| : x, y ∈ X(U) for some U ∈ U
n}.

Let diam U be the diameter of the cover U. We assume that

lim sup
diam U→0

lim sup
n→∞

γn(Φ, U)

n
= 0. (20)

Given U ∈ U
n set

Φ(U) =

{
supX(U) ϕn if X(U) 6= ∅

−∞ if X(U) = ∅
.

For each Z ⊂ X and α ∈ R let

M(Z, α,Φ, U) = lim
n→∞

inf
Γ

∑

U∈Γ

exp(−αm(U) + Φ(U)), (21)

where the infimum is taken over all Γ ⊂ ⋃
k≥n U

k such that {X(U) : U ∈ Γ}
is a cover of Z. When α goes from −∞ to +∞, the quantity in (21) jumps
from +∞ to 0 at a unique critical value. Thus, we can define

PZ(Φ, U) = inf{α ∈ R : M(Z, α,Φ, U) = 0}.
Using (20), it is shown in [1] that there exists the limit

PZ(Φ) = lim
diam U→0

PZ(Φ, U).

The number PZ(Φ) is called the nonadditive topological pressure of Φ on
the set Z (with respect to f). We emphasize that Z need not be compact
nor f -invariant. When Φ is the sequence of function (ϕ ◦ fn)n∈N for some
fixed continuous function ϕ : X → R the number PX(Φ) coincides with the
classical topological pressure of the function ϕ (with respect to f). See [8]
for a detailed discussion.
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We also need a nonadditive version of the so-called Bowen’s equation. Let
Φt = (ϕn,t)n∈N be a sequence of functions ϕn,t : X → R for each t in some
interval I ⊂ R. We assume that:

1. Φt satisfies (20) for each t ∈ I;
2. there exist constants c1, c2 < 0, such that if x ∈ X, n ∈ N, and

s, t ∈ I with s 6= t, then

c1n ≤ ϕn,s(x) − ϕn,t(x)

s − t
≤ c2n. (22)

Under these assumptions we can establish the following statement, with a
slight modification of the proof of Theorem 1.9 in [1].

Proposition 12. The function t 7→ PZ(Φt) is strictly decreasing and Lip-
schitz, and there exists a unique number tP ≥ 0 such that PZ(ΦtP ) = 0.

4.2. Geometric constructions and examples. Let f : R
m → R

m be a
continuous transformation and J ⊂ R

m an f -invariant set. We assume that
J can be decomposed into disjoint sets R1, . . ., Rp such that

J =

+∞⋂

n=1

⋃

i1···in

Ri1···in ,

where for each n ∈ N and i1, . . ., in ∈ {1, . . . , p} the set Ri1···in is an ellipsoid
and satisfies

Ri1···in ∩ J =
n−1⋂

k=0

f−k(Rik+1
∩ J).

See Figure 1 for an example with p = 2. This is called a geometric construc-
tion and we refer to J as the limit set of the construction (see [1, 8]). One
can think of the sets R1, . . ., Rp as the elements of a Markov partition of J ,
although no exponential behavior is assumed here. We also assume that:

1. we can define a function χ : {1, . . . , p}N → J by

χ(i1i2 · · · ) =
∞⋂

n=1

Ri1···in , (23)

i.e., the intersection in (23) contains one and only one point for each
sequence (i1i2 · · · ) ∈ {1, . . . , p}N;

2. for each x = χ(i1i2 · · · ) ∈ J the k-th axis Lk(x, n) of the ellipsoid
Ri1···in satisfies

Λ+
k (x) = lim

δ→0
lim sup
n→+∞

1

n
log sup

y∈Cx(δ,n)∩Lk(x,n)

d(fnx, fny)

d(x, y)
,

i.e., the axes of each ellipsoid coincide with the directions at which
each of the exponents is attained;

3. for each x = χ(i1i2 · · · ) ∈ J the images under f of the extreme points
of the line segment Ri2···in ∩ Lk(fx, n − 1) are the extreme points of
Ri1···in ∩ Lk(x, n).

We note that since the sets R1, . . ., Rp are disjoint, we have Ri1···in∩Rj1···jn =
∅ whenever (i1 · · · in) 6= (j1 · · · jn) and hence χ is injective.
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R1

R2

R11

R12

R21

R22

Figure 1. The construction of the set J

Under the above assumptions it is easy to verify (by considering the ex-
treme points in condition 3) that

Λ+
k (x) ≥ lim sup

ℓ→+∞
lim sup
n→+∞

1

n
log

ak(Rin+1···in+ℓ
)

ak(Ri1···in+ℓ
)

(24)

for every x ∈ J . Given a finite f -invariant measure µ on J and α ≥ 0 we
say that J has distortion at most α with respect to µ if

Λ+
k (x) ≤ lim sup

ℓ→+∞
lim sup
n→+∞

1

n
log

ak(Rin+1···in+ℓ
)

ak(Ri1···in+ℓ
)

+ α (25)

for µ-almost every x ∈ J .
In particular, one can consider the following simple differentiable model

as a motivating example. Namely, if f is an expanding map of class C1+ε

and additionally behaves as a product of conformal maps with the directions
Lk(n) = Lk(x, n) independent of x for each fixed n, then J has 0-distortion
(with respect to any invariant measure). This is a consequence of the prop-
erty of bounded distortion in each direction Lk(n), in the sense that there
exists M > 0 such that if n ∈ N, x, y ∈ Ri1···in and k = 1, . . ., m then

M−1 <
‖dfn

x |Lk(n)‖
‖dfn

y |Lk(n)‖ < M.

The above notion of distortion can be though of as a generalization of the
property of bounded distortion in the differentiable case, with the parame-
ter α describing the degree of distortion.

We now consider maps that are not necessarily differentiable. In partic-
ular we show that there exist:

1. nondifferentiable maps with zero distortion;
2. maps for which (24) is not an identity.

We present a class of examples building on examples constructed in [1].

Example 2. Fix numbers a > b > 0 and choose δ > 0 such that δ <
(a − b)/2. We now define inductively an increasing sequence mn ∈ N. For



LYAPUNOV EXPONENTS FOR CONTINUOUS TRANSFORMATIONS 19

each j ∈ N let

sj = a
∑

i odd≤ j

mi + b
∑

i even≤ j

mi,

and rj = m1 + · · ·+ mj . Fix m1 ∈ N. For each j ∈ N we choose mj ≥ mj−1

such that |sj/rj − a| < δ/j when j is odd, and |sj/rj − b| < δ/j when j is
even. Finally, for each n ∈ N we define

λn = −sj −
{

a(n − nj) for j odd

b(n − nj) for j even
,

where j is the largest positive integer such that nj < n. It is straightforward
to verify that

sup{λℓ − λn+ℓ : ℓ > m} = bn (26)

for every n, m ∈ N. We now consider a geometric construction in the line
with p = 2 such that each set Ri1···in is an interval in [0, 1] with length expλn

(see Figure 2), and define a map f on J induced by the symbolic dynamics.
Namely, for each x = χ(i1i2 · · · ) ∈ J we set fx = χ(i2i3 · · · ).

We also require that each of the sets Ri1···in1 and Ri1···in2 contain respec-
tively the left and right endpoints of the interval Ri1···in . This guarantees
(see Example 2.6 in [1]) that if x, y ∈ J ∩ Ri1···in with x 6= y then

d(fnx, fny)

d(x, y)
=

eλm−n +
∑∞

j=1 kje
λm−n+j

eλm +
∑∞

j=1 kjeλm+j
,

for some m ∈ N and kj ∈ {−1,−1, 0, 1, 2} for each j (although not all
sequences kj are admissible). Using (26) we conclude that

sup
y∈Cx(δ,n)

d(fnx, fny)

d(x, y)
≥ sup

m

eλm−n

eλm
×

1 − 2
∑∞

j=1 e−bj

1 + 2
∑∞

j=1 e−bj
≥ ebn(1 − 3e−b)

1 + e−b
,

provided that b > log 3, and the Lyapunov exponent satisfies Λ+
1 (x) ≥ b.

On the other hand, using again (26), we have

lim sup
n→+∞

1

n
log

a1(Rin+1···in+ℓ
)

a1(Ri1···in+ℓ
)

= lim sup
n→+∞

1

n
log

eλℓ

eλn+ℓ
= b. (27)

In view of (24) we conclude that the set J has zero distortion.
It is simple to verify that f cannot be extended to a differentiable map

on some open neighborhood of J . Namely, the sequence exp(λn/λn+1) does
not converge but instead oscillates infinitely often between a and b, while
when f is differentiable the sequence converges to f ′ at each point of J .

0 1

R1 R2

R11 R12 R21 R22

Figure 2. The construction of the first example
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This example illustrates that even some nondifferentiable maps may have
zero distortion (in the sense that we can take α = 0 in (25)), which in turn
allows us to establish sharper dimension estimates.

Example 3. We proceed in a similar way to that in Example 2 to produce
a geometric construction with p = 2, such that each set Ri1···in is an interval
in [0, 1] with length expλn (with λn as in Example 2). Since the identities
in (27) are independent of the location of the intervals Ri1···in we have

lim sup
ℓ→+∞

lim sup
n→+∞

1

n
log

a1(Rin+1···in+ℓ
)

a1(Ri1···in+ℓ
)

= b.

On the other hand, by locating the intervals differently (see Figure 3) we
can easily construct examples with Λ+

1 (x) > b for some x ∈ J . This shows
that (24) may in general be a strict inequality.

Moreover, this example can be effected in such a way that J indeed sat-
isfies (25) for some α. In order to obtain an example it is sufficient to
locate the intervals Ri1···in as in Example 2 with the exception of those with
i1 = · · · = in = 1. Each such Ri1···in is located so that its left endpoint does
not necessarily coincide with the left endpoint of Ri1···in−1

but instead may
be displaced to the right (such as R11 in Figure 3). This is done in such a
way that at each step n we locate Ri1···in−1

, with i1 = · · · = in−1 = 1, so
that

b +
α

2
<

1

n
log

d(fnx, fny)

d(x, y)
< b + α

for every x, y ∈ Ri1···in such that fnx and fny are endpoints of some interval
Ri1···im ⊃ Ri1···in with m < n. With this procedure we obtain inductively a
geometric construction that satisfies

b +
α

2
<

1

n
log sup

y∈Cx(δ,n)

d(fnx, fny)

d(x, y)
< b + α

for each n ∈ N and each distinct x, y ∈ Ri1···in . This ensures that J has
distortion at most α (and not less than α/2).

0 1

R1 R2

R11 R12 R21 R22

Figure 3. The construction of the second example

The geometric constructions in the real line described in the former ex-
amples can be used to obtain “nonconformal” examples in R

2. Consider
two geometric construction in the line with intervals R1

i1···in
and R2

i1···in
re-

spectively. A geometric construction in R
2 can be obtained from these by

declaring that the boundary of each set Ri1···in is an ellipse with major and
minor axis having respectively the lengths of R1

i1···in
and R2

i1···in
.
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4.3. Dimension estimates. We establish in this section dimension esti-
mates for measures supported on limit sets of geometric constructions. For
each t ∈ [0, m] we define a sequence of functions Φt = (ϕn,t)n∈N on J by

ϕn,t(x) = ntα − n

⌊t⌋−1∑

j=1

Λ+
j (x, n) − n(t − ⌊t⌋)Λ+

⌊t⌋(x, n),

where

Λ+
k (x, n) = inf{Λ+

k (x) : x ∈ Ri1···in}
for each k, and x = χ(i1i2 · · · ). Since ϕn,t is constant on each ellipsoid
Ri1···in the sequence Φt satisfies property (20). This family of sequences
may however not satisfy in general property (22) and hence we shall use
“Bowen’s inequalities” instead of Bowen’s equations.

Theorem 13. If the f-invariant set J has distortion at most α with respect
to a finite f-invariant measure µ on J then

dimH µ ≤ inf{t ∈ [0, m] : PJ(Φt) < 0}.
Proof. Let t ∈ [0, m] be such that PJ(Φt) < 0, and fix ε ∈ (0,−PJ(Φt)/2).
It follows from (25) that for µ-almost every x = χ(i1i2 · · · ) ∈ J there exist
positive integers ℓ(x) and n(x, ℓ) such that if ℓ > ℓ(x) and n > n(x, ℓ) then

Λ+
k (x) ≤ 1

n
log

ak(Rin+1···in+ℓ
)

ak(Ri1···in+ℓ
)

+ α + ε,

and hence,

ak(Ri1···in+ℓ
) ≤ exp[n(−Λ+

k (x) + α + ε)]ak(Rin+1···in+ℓ
)

≤ exp[n(−Λ+
k (x, n) + α + ε)] diam J.

(28)

We now consider the set

Qr = {x ∈ J : ℓ(x) < r and n(x, i) < r for i ≤ ℓ(x)}.
Clearly ⋃

r∈N

Qr = J (mod 0).

Fix r ∈ N. By (28), for each x = χ(i1i2 · · · ) ∈ Qr and n > r we have

wt(Ri1···in+ℓ
) ≤ exp[ϕn,t(x) + εnt](diamJ)t

= exp[ϕn,t(Ri1···in+ℓ
) + εnt](diamJ)t.

(29)

For each ℓ ∈ N we denote by Uℓ the cover of J by the ellipsoids Ri1···iℓ+1
.

Take now ℓ > r so large that |PJ(Φt, Uℓ) − PJ(Φt, U)| < ε and thus, by the
choice of ε,

M(Qr,−ε, Φt, Uℓ) ≤ M(J,−ε, Φt, Uℓ) = 0.

Hence, for each δ > 0 there exists a cover of Qr by ellipsoids RI1 , . . ., RIN

such that: Ij has length nj + ℓ with nj > r for j = 1, . . ., N ; wt(RIj
)1/t ≤ δ

for j = 1, . . ., N ; and

N∑

j=1

expϕnj ,t(RIj
)eεnjt < δ.
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Using (29) we obtain

N∑

j=1

wt(RIj
) ≤

N∑

j=1

expϕnj ,t(RIj
)eεnjt(diam J)t < δ max{1, (diamJ)m}.

Since δ is arbitrary, we obtain µ(Qr, t) = 0. It follows from Proposition 11
that dimH Qr ≤ t. Hence,

dimH µ ≤ dimH

⋃

r∈N

Qr = sup
r∈N

dimH Qr ≤ t

whenever PJ(Φt) < 0. This establishes the desired result. �

As observed above, under our assumptions the family of sequences Φt

satisfies property (20) but in general may not satisfy property (22). Assume
now that there exist constants c1, c2 < 0 such that

c1 < Λ+
k (x, n) < c2

for every x ∈ J , n ∈ N and k = 1, . . ., m. Then property (22) holds for
all sufficiently small α, and by Proposition 12 there exists a unique number
t ≥ 0 such that PZ(Φt) = 0. Furthermore, it follows from Theorem 13 and
the monotonicity of t 7→ PJ(Φt) (see Proposition 12) that dimH µ ≤ t.

We now define

Λ+
k = inf ess{Λ+

k (x) : x ∈ J},
where inf ess denotes the essential infimum. The following is now a simple
consequence of Theorem 13.

Corollary 14. If the f-invariant set J has distortion at most α with respect
to a finite f-invariant measure µ on J then

dimH µ ≤ inf



t ∈ [0, m] :

⌊t⌋−1∑

j=1

Λ+
j + (t − ⌊t⌋)Λ+

⌊t⌋ > log p + tα



 .

Proof. For each t ∈ [0, m] we define a sequence of constant functions Φ̃t =
(ϕ̃n,t)n∈N on J by

ϕ̃n,t(x) = ntα − n

⌊t⌋−1∑

j=1

Λ+
j − n(t − ⌊t⌋)Λ+

⌊t⌋.

Note that this family satisfies property (20). Clearly ϕn,t(x) ≤ ϕ̃n,t(x) and

hence PJ(Φt) ≤ PJ(Φ̃t). By Theorem 13 we have dimH µ ≤ t whenever

PJ(Φ̃t) < 0. By Theorem 1.4 and Proposition 1.10 in [1] we have

PJ(Φ̃t) ≤ lim inf
n→∞

1

n
log

∑

i1···in

exp(ϕ̃n,t(Ri1···in)).

Therefore

PJ(Φ̃t) ≤ lim inf
n→∞

1

n
log(pnϕ̃n,t) = log p + tα −

⌊t⌋−1∑

j=1

Λ+
j − (t − ⌊t⌋)Λ+

⌊t⌋,
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and hence
⌊t⌋−1∑

j=1

Λ+
j + (t − ⌊t⌋)Λ+

⌊t⌋ < log p + tα.

This readily implies the desired statement. �

For example, when Λ+
1 = · · · = Λ+

m = Λ+ > α, Corollary 14 yields

dimH µ ≤ log p

Λ+ − α
.

We can also consider more general symbolic dynamics than the full shift
in {1, . . . , p}N. In this case it is straightforward to obtain versions of The-
orem 13 and Corollary 14. In fact the statement in Theorem 13 will be
unaltered and in the statement of Corollary 14 we must replace log p by the
topological entropy of the dynamics on the set J .
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